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In the power set lattice of a finite set with n elements, a collection 6 of r 
element subsets is defined to be a uniform cover of weight X for the q element 
subsets, q > r, if each q-set includes the same number X of r-sets from a. Cc is 
a minimal uniform cover if no proper subset of 0 is a uniform cover and non- 
trivial if K is itself a proper subset of the family of r-sets. In this paper the non- 
existence of non-trivial minimal uniform covers for given q > r is proved for 
n>Nif 
(1) 
It is also shown that there exists an N satisfying (I). 
Several examples of minimal uniform covers are given and discussed for 
q=n-landq=n-2. 
INTRODUCTION 
Figure 1, which shows the power set lattice for the set (a, b, c, d, e), 
illustrates an important combinatorial concept. The structure indicated by 
bold lines lies on all of the 4-sets and half of the 2-sets and has the property 
that each 4-set includes exactly three of the 2-sets in the structure. For the 
ground set (a, b, c, d, e) it is obvious that no similar structure exists in 
which every 4-set includes precisely one or else precisely two 2-sets since 
each 2-set is included in three 4-sets. Thus, in a sense, 3 is a minimal value 
for this set inclusion property for this particular example. 
It will be necessary to introduce several definitions in order to make the 
concepts in the preceding example precise. Let (n) be a finite set with it 
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FIG. 1. Illustration of the extremal problem. 
elements. Then, the r-thpartialpower set of(n), denoted P,(n), is defined to 
be the family of sets consisting of the (:) r-element subsets of(n). Let n, 
q, and r be integers such that n > q > r > 1. A subset, not necessarily 
proper, of the r-th partial power set, C5 C P,(n), is a uniform cover of 
weight h for P,(n) if every element Q E P,(n) includes exactly h members 
(r-sets) from 6. A uniform cover 6 for P,(n) is a minimal uniform cover [I] 
if no proper subset of 0: is also a uniform cover for P,(n) and non-trivial if 
6 g P,(n). P,(n) is itself always a uniform cover for P,(n) since for any 
q 3 r each q-set contains (“,) r-sets; hence, for every triple of integers 
there exists a minimal uniform cover of P,(n) (which may be trivial). If the 
only uniform cover for P,(n) is P,(n), the minimal uniform cover is said to 
be trivial. The minimum possible weight for a uniform cover of P,(n) by a 
subset of P,(n) is denoted M(n; q, r). A uniform cover of weight M(n; q, r) 
is called a minimal weight cover. It follows from the definitions that a 
minimal weight cover is a minimal uniform cover. The converse need not 
be true. 
The example discussed in the first paragraph shows that, for (n) = 5, 
q = 4, r = 2, the weight of a minimal uniform cover is 3 and that one 
minimal weight cover is the collection of 2-sets (ab, ae, bc, cd, de). 
PRELIMINARIES 
The following elementary properties apply to uniform covers in general: 
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PROPERTY 1. The only uniform cover of weight (F) is the trivial cover 
&(n). To see this, consider an arbitrary r-set. This r-set can be extended to 
be a q-set in (:I:) ways. But all of the q-sets are present in P,(n); hence, the 
given r-set must be in the cover if each of these sets is to be covered with 
weight (“,). 
PROPERTY 2. Given integers n 3 q 3 r > 1, the weight of any uniform 
cover, and hence in particular of the minimal uniform cover, is bounded 
by the inequality 
If M(n; q, I) = (T), then from Property 1 C = P,(n) and the minimal uni- 
form cover is trivial. 
The number of r-sets in a cover (5 is denoted by 1 6 I. Obviously 
The incidence matrix for the covering of I’,(n) by CC is an (3 x / 6 ( 
rectangular array whose rows are indexed by the elements of P,(n) and 
whose columns are indexed by the r-sets in (5. in lexicographic order. The 
entry aij is 1 if the j-th r-set is contained in the i-th q-set. Otherwise it is 0. 
A useful identity can be obtained by summing the l’s in the incidence 
matrix by rows and by columns. First, consider the incidence matrix for 
the trivial covering of P,(n) by P,(n). There are (3 rows each containing 
(z) l’s and (F) columns each of which contains (2::) l’s, i.e., the number of 
ways an r-set can be extended to be a q-set; hence, the row and column 
sums give the well-known binomial identity 
Forming the sums of the incidence matrix by rows and columns in the 
case of an arbitrary uniform cover 6 of weight h gives the following 
property: 
PROPERTY 3. Given n > q 3 r > 1. Let 6 be a uniform cover of 
weight h, then the number of elements in the cover I 6 1 and the weight h 
are related by the following identities: 
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or 
h (“,) = 16 I (‘f). 
Property 3 leads to the following theorem, which is the origin of the 
problem to which this paper is devoted: 
THEOREM 1. Zf ((F), (f)) = 1, then CC = P,(n) and M(n; q, r) = (F), i.e., 
the cover is trivial. 
Proof: (5 is a subset of P,(n) and P,(n) has (T) elements. By Property 3 
so that, if (,“) is relatively prime to (z), then (r) must divide I (5 / which is 
only possible if 6 = P,(n). I 
THEOREM 2. The minimal weight for a uniform covering of P,(n) by 
r-sets is a monotone non-decreasing function of n forjxed q and r, i.e., 
Wn - 1; 4, r> < Wn; 4, r>. 
Proof. Let (5 be a minimal weight uniform cover of P,(n) with weight A. 
Consider the families of q-sets in P,(n) and of r-sets in (5 which do not 
include some particular element, say n. The resulting family of q-sets must 
contain all of the q element subsets of n - 1 elements. None of these q-sets 
could have contained one of the deleted r-sets, since they all contained n; 
hence, the weight covering of’this collection of q-sets must have been made 
by the remaining r-sets, E* $6. But this says that K* C P,(n - 1) and E* 
is also a uniform cover of weight h for P,(n - 1). We conclude 
COROLLARY 1. Zf, for some n, M(n; q, r) = (z), then, for all m > n, 
Wm; 4, r> = (3. 
ProojI By Property 2, M(n; q, r) ,< (F) for all n, and, by Theorem 2, 
M(n; q, r) is a monotone non-decreasing function of n: the corollary 
follows. I 
Corollary 1 together with Theorem 1 shows that, if for a given q and r 
an n can be found such that 
(i > ( 1) n q =l, r r
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then for all larger values of n the only possible uniform cover is trivial and 
consequently uninteresting. Before continuing with an investigation of the 
solutions of (1) we need one further result. 
In the preceding discussion rz, q, r were assumed to be arbitrary integers 
which satisfied the inequality n 3 q > r >, 1. Theorem 3 shows how to 
construct the minimal uniform covers and gives the minimal weights for 
every case in which at least one of the inequalities is replaced by an 
equality. 
THEOREM 3. Let n > q > r >, 1 be integers. There can be a uniform 
cover of P,(n) by a proper subset of P,(n) containing more than a single 
element only ifn > q > r > 1. 
Proof. 
Case 1. If r = q, Theorem 1 implies 
Mb; 4, 4) = 1 and 
Case 2. If q = n, there is only a single row in the incidence matrix, and 
any r-set by itself is a uniform cover: 
M(n; n, r) = 1 and 1(5:l=1. 
Case 3. If r = 1 and q # n, then 
Wn; 4, 1) = 4 and 1K;1 =n. 
If r = 1, then the r-sets are singleton elements of (n). Assume that some 
proper subset S of (n) covers P,(n) uniformly. Choose a q-set in P,(n) 
which has a maximum number of elements in common with S. Since 
P,(n) includes all q-sets from (n), while S is a proper subset of(n), such an 
element exists. Let this element be Qi . 
If 1 S 1 3 q, the number of I’s in the r-th row of the incidence matrix of 
P,(n) and S is q. 
If j S / < q, the number of l’s in the i-th row of the incidence matrix 
is ISI. 
Now choose that q-set Qi in P,(n) which has a maximum number of 
elements in common with S’ = (n)/S. 
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If n - / S I 3 q, the number of I’s in the j-th row of the incidence 
matrix is 0. 
If n - I S / < q, the number of I’s in the j-th row is q - n + 1 S I. No 
solutions exist for n - 1 S 1 3 q, since M(n; 4, r) > 1 for a uniform 
covering; therefore, 
q--n+lSI=ISI 
or 
4 = 4 
which contradicts the assumed conditions. Therefore, when r = 1, no 
proper subset of P,(n) can be a uniform cover of P,(n) unless q = n. 1 
Theorem 3 permits us to restrict attention to the case n > q > r > 1, 
which we shall do hereafter. 
THE EXTREMAL PROBLEM 
Given q > r > 1, we shall show that there exists a least value of n, 
denoted N(q, r), so that (1) is satisfied, and then develop several conditions 
on this value of n. 
Let r = 4, for example, then for small values of q one finds by direct 
computation that the corresponding values of iV(q, 4) are 
4 5 6 7 8 9 
N(q, 4) 9 14 19 39 13 
This tabulation shows that N(q, r) is an extremely irregular function of q 
and r. We require the following lemma [2]: 
LEMMA 1. Given integers n > r 2 0 and an arbitrary prime p, let 
ph be the highest power of p, h > 0, which divides (n),. , written ph /) (n)l. . 
Then 
ph II (n + kph+% , 
for any non-negative integer k. 
Proof. 
r-1 
(n -t kph+% = n {(n - j) + kph+l}, 
j=O 
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hence 
T-l 
(n + k~~+l)~ = n (n - j) = (n), (mod ph+l). 
3=0 
I 
THEOREM 4. Given arbitrary positive integers r and N, there exist 
infinitely many integers m > r such that 
Proof. Let m = r + kN(r!)2, where k is an arbitrary non-negative 
integer, and let p be any prime factor of N. We prove that p T (7). First, 
if p q r!, i.e., p 7 (r), ; then, by the lemma with n = r and h = 0, we see 
that p r (m), and hence 
Second, if p I r!, let h be determined by ph 11 r! so that ph+l 1 (r!)2 since 
h > 1. Then, by the lemma with n = r, we see that ph /I (m), and hence, 
THEOREM 5. Given q > r > 1, there exists a positive integer N(q, r) 
such that for all n > N(q, r) 
Wn; 4, r) = (4,j. 
Proof. Let N in Theorem 4 be taken to be (z) and let M(q,r) = min,(m), 
where the m are determined as in Theorem 4, then for all n 3 M(q, r) by 
Corollary 1 the only possible cover is the trivial one. Hence, 
Wq, r> < Mq, r>. I 
Theorem 5 says that, for a given q and r, ultimately (with n) all covers 
are trivial. Corollary 1 to Theorem 2 says that once they become trivial- 
they remain trivial (for larger n). For a given pair of q and r, therefore, 
there is only a finite set of values of n which are of interest insofar as mini- 
mal uniform covers are concerned. The problem then is to determine for 
fixed q and r the range of n which might have non-degenerate and non- 
trivial uniform covers, i.e., actually to determine N(q, r). It is easy to show 
that N(q, r) > q + r. 
A CDC 6600 was used to compute N(q, r) for 25 > q > r and 
24 > r > 1 for all cases in which N(q, r) < 300 which represented a 
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FIG. 2. Least n for which ((:) , (;)) = 1. 
machine-imposed upper limit on the magnitude of the computations. The 
boldface entries (Fig. 2) indicate those cases in which N(q, r) = q + r. 
All of the missing entries have N(q, I) > 300. 
UNIFORM COVERS: q = n - 1 
It is possible to simply characterize a family of minimal uniform covers 
when q = n - 1. 
THEOREM 6. Letn,q,andrbeintegersn>q>r>lwhereq=n-I, 
then 
M(n; n - 1, r) = ynyr; 
and 
I g I = (&) . 
Proof. Let k be the smallest integer such that n 1 kr, and let p = kr/n. 
Form k sets of r elements in the following way. Cyclically index the n 
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elements and select any block of r successive elements as the set PI . Take 
the next block (reading indices cyclically) of Y elements to be set P, . This 
process cycles, that is, reforms set P, again, on the (k + 1)sf step: 
2 < k < n. This family of k subsets (r-sets) covers P,(n) uniformly with 
a weight of 
n - r 
-. 
(4 r> 
On the other hand, no uniform covering of weight less than (n - r)/(n, r) 
is possible. Property 
q=n--1; 
3 implies for any uniform cover 6 of weight X when 
An = 1 0: I (n - r) 
or 
However, since 
i n n-r 
\ (n, r) ’ m 1 t = (ayr) ’ $ij- ) = ” 
equation 2 requires 
i.e., 
n-r 
- 4 
(4 r) 
The construction of Theorem 6 always generates non-trivial uniform 
covers. For n = 18, for example: 
M(18; 17, 9) = 1, ICI =2, 
M(18; 17, 12) = 1, lEl=3, 
M(18; 17, 15) = 1, ICI ==6, 
M(18; 17, 16) = 1, /c./ =9. 
The first case illustrates an interesting property of all uniform covers 
known to the author. Since n = 18, r = 9, and I Cs: j = 2, the cover 
consists of two disjoint 9-sets which constitute a partition of(n). There are 
(‘,“) = 48,620 9-sets in Pg( 18). Since each cover of P,,(18) must have a 
9-set with some fixed element, say 1, in it, and, since M(18; 17, 9) = 1, 
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TABLE I 
Partitioning of P,(9) by Minimal Uniform Covers for P8(9) 
123 456 789 146 239 578 
124 689 357 147 259 368 
125 367 489 148 569 237 
126 379 458 149 256 378 
127 359 468 156 278 349 
128 346 579 157 369 248 
129 478 356 158 679 234 
134 279 568 159 347 268 
135 289 467 167 238 459 
136 589 247 168 235 479 
137 258 469 169 348 257 
138 567 249 178 269 345 
139 678 245 179 358 246 
145 389 267 189 457 236 
each 9-set containing a I must be in a distinct minimal uniform cover. The 
other 9-set is uniquely determined to be the complement of the given 
9-set. No 9-set can appear twice, and every 9-set appears once. We thus 
see that there exist 24,310 uniform covers of weight 1 which partition 
P&8). Similarly for IZ = 9, q = 8, and r = 3, Table I shows that there are 
28 covers, each of which contains three triples, which partition P,(9). One 
would like to be able to say that this behavior is true in general for minimal 
uniform covers. The best result we can offer is that it is true for q = n - 1 
and r = n - 2 as we shall show. 
If a set of minimal uniform covers are to partition P,(n), then a necessary 
condition is that I 6 I 1 (F). 
THEOREM 7. If q = n - 1, then / & I 1 (F) where CC is a minimal weight 
cover. 
Proof. Let D be the ratio 
D=(:)= @) b-l)! (nn-r) - = 
6 n r!(n-r)! ’ . 
06 r> 
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Schijnemann proved in 1835 that the right-hand term is necessarily an 
integer [3]. I 
THEOREM 8. If n = 2r and q = 2r - 1, there exist (‘:I:) minimal uniform 
covers of weight 1 which partition P,(2r). 
Proof. Index the covers by the (“;::) r-sets which contain some fixed 
element, say 1. The complements of these sets are uniquely determined. 1 
A graph is said to be point-symmetric if there exists a permutation of the 
vertices which carries an arbitrary vertex into any other vertex and gives 
a graph isomorphic to the original graph. 
Letq=n-landr=n-2.ByTheorem6,ifnisodd,M(n;n-lI,n-2)=2 
and 16 j = n, while, if n is even, M(n; n - 1, n - 2) = 1 and 1 Cs. j = n/2. In 
these two cases, the construction of a uniform cover on P,(n) is equivalent 
to constructing a point-symmetric graph on n points. To see that this is 
true, form a dual problem by taking the complement (in the n-set) of the 
cover 0: and of P,(n). The complements of the (n - 2)-sets in P,(n) become 
pairs while the complements of the (n - I)-sets are singleton points. h is 
unaffected by this operation. Hence, if n is odd, a uniform cover corre- 
sponds to the existence of a point-symmetric graph on n points in which 
two edges are incident on each vertex (letting 2-sets correspond to edges in 
a natural manner). If n is even, so that X = 1, the uniform cover corre- 
sponds to the existence of a set of n/2 disjoint edges. A set of 2m - 1 
disjoint edges on 2m vertices is called a l-factor [4]. 
The following two theorems show that the minimal uniform covers on 
P,(n) partition P,(n) when q = n - 1 and r = n - 2: 
THEOREM 9 [4, p. 851. The complete graph K, on n = 2m points can 
be represented as the edgewise disjoint union of 2m - 1 l-factors. 
Proof. Identify the vertices by v1 , v2 ,..., v2,,, and define the i-th l-factor 
to be the set of lines 
vivZm f vi--lvi+l 9 vi-2vi+2 Y...> Vi--nz+lVi+m-19 
where the subscripts are interpreted modulo (2m-1). As i varies over 
1, 2,..., 2m-1 this construction gives the desired partition. I 
When n = 6, for example, we get Fig. 3. 
THEOREM 10. The complete graph on n = 2m + 1 points can be re- 
presented as the edgewise disjoint union of m Hamilton cycles. 
Proof (abbreviated from [l]). Figure 4 is used to construct m disjoint 
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“1 “2 
“6 / 
/ 
“3 
i? l---t 
“5 “4 
i= 1 i= 2 i= 3 
G \\’ 
i= 4 i= 5 
FIG. 3. Factorization of KB into edgewise disjoint l-factors. 
Hamilton cycles on 2m + 1 points as follows. Take the (m - 1)/2 first 
columns of the array and form a symmetric 
m-l m-l 
2 x 2 
array from this triangular array. This will form the right half of the 
cycles. Next take the 2m + 3 complement of the right-hand array in 
FIG. 4. Vertex ordering scheme for disjoint Hamilton cycles in Kzm+l. 
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reverse order and separate the two arrays by a column of 1’s. The m rows 
of 2m + 1 indices are the desired Hamilton cycles. I 
This construction is illustrated for n = 9 below. The triangular array is: 
2 3 4 5 
5 2 7 
6 3 
9 
and the square array is: 
2 3 4 5 
3 5 2 7 
4 2 6 3 
5 7 3 9 
The completed 2m + 1 x m array is: 
678912345 
496813527 
859714263 
284615739 
Figure 5 shows the resulting Hamilton cycles. 
Theorems 9 and 10 have the following corollary for minimal uniform 
covers: 
COROLLARY 2. If q = n - 1 and I = n - 2, then there exists a family 
of m disjoint minimal uniform covers if n = 2m + 1 or of 2m - 1 disjoint 
minimal uniform covers if n = 2m which partition P,(n). 
UNIFORM COVERS: q = n - 2 
The problem of uniform coverings when q = n - 2 is closely related to 
what is probably the most studied problem in combinatorial analysis: the 
quastion of the existence of balanced incomplete block designs, BIBD. 
Theorem 11 states that the existence of a BIBD implies the existence of a 
related uniform covering. The converse is not true, however. 
THEOREM 11. Let (6, v, r, k, A) be h BIBD (notation from [5, 6]), then 
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FIG. 5. Factorization of KS into edgewise disjoint Hamilton cycles. 
there exists a unifDrm cover of P,(n) of weight h by a subset of P,(n) which 
is the set complement of the b blocks where n = v, q = v - 2, r = v - k, 
and h = A. 
A similar conclusion holds for tactical configurations in general. 
However, these configurations exist for only select values of their para- 
meters while a minimal uniform cover exists for every triple n > q 3 r > 1. 
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